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Abstract
Two-dimensional optical spectroscopy is a powerful technique for the probing of
coherent quantum superpositions. Recently, the finite width of the laser spectrum
has been employed to selectively tune experiments for the study of particular coher-
ences. This involves the exclusion of certain transition frequencies, which results in
the elimination of specific Liouville pathways. The rigorous analysis of such experi-
ments requires the use of ever more sophisticated theoretical models for the optical
spectroscopy of electronic and vibronic systems. Here we develop a non-impulsive and
non-Markovian model which combines an explicit definition of the laser spectrum, via
the equation of motion-phase matching approach (EOM-PMA), with the hierarchical
equations of motion (HEOM). This theoretical framework is capable of simulating the
2D spectroscopy of vibronic systems with low frequency modes, coupled to environ-
ments of intermediate and slower timescales. In order to demonstrate the spectral
filtering of vibronic coherences, we examine the elimination of lower energy peaks from
the 2D spectra of a zinc porphyrin monomer on blue-shifting the laser spectrum. The
filtering of Liouville pathways is revealed through the disappearance of peaks from the
amplitude spectra for a coupled vibrational mode.
2
Introduction
The proliferation of two-dimensional optical spectroscopy (2DOS) has revolutionised research
into the structure and dynamics of chemical systems.1–3 The detection of coherent quantum
superpositions can identify electronic couplings and the existence of excitonic states, as well
as vibronic couplings and the motions of nuclear wavepackets on a potential energy surface.4,5
The study of such coherences requires the use of ultrafast spectroscopic techniques, where
2DOS provides a means of differentiating individual coherence pathways.6 These coherences
have been utilized for the investigation of energy transfer in photosynthetic light harvesting
complexes,7–17 as well as the determination of the excitonic structure of quantum dots.18–21
Organic dye molecules and macrocycles such as cyanines,22–24 and porphyrins,25,26 as well as
chromophores such as chlorophyll,27–29 have been extensively studied to explore the origins
of these coherences in biological complexes. Homodimers and larger aggregates are used
as analogues of the multichromophoric structures.30–36 2DOS has also found application to
studies of photochemistry and reaction dynamics.37–42
2DOS is a powerful technique for exploring vibronic processes, however, it is often difficult
to distinguish specific spectral features from the wealth of dynamical data produced by
each experiment.43 It has been demonstrated recently that spectral filtering - a technique
that involves focusing the laser spectrum over a specific excitation window - can be used to
distinguish electronic from vibrational coherences. Camargo et al have shown experimentally
that selective removal of peaks from the amplitude spectra can be achieved upon blue-shifting
the laser spectrum, thereby eliminating Liouville pathways associated with lower energy
transitions and allowing clearer analysis of the remaining coherences.26 This kind of analysis
has been performed recently to highlight the role of ground state vibronic wavepackets in
the Fenna-Matthews-Olson complex.44
In this work, we describe the development of a theoretical model which reproduces the
experimental 2DOS spectra of the 5,15-bisalkynyl zinc porphyrin monomer used by Ca-
margo et al. In order to achieve this, the model requires an explicit description of the finite
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laser pulses, beyond the impulsive limit, for which we adopt the equation of motion-phase
matching approach (EOM-PMA).45,46 We solve the temporal evolution using the hierarchical
equations of motion (HEOM), which allows a non-Markovian description of the system-bath
correlation function.47–49 This enables the simulations to realistically model the strongly cou-
pled, overdamped low frequency intramolecular vibrations of the zinc porphyrin monomer,
accounting for ensemble effects such as inhomogeneous broadening within the evolution of
the HEOM.
By combining the EOM-PMA and HEOM quantum dynamical methods, we present a
rigorous model capable of performing the accurate evolution of an open quantum system on
interaction with a sequence of laser pulses. The combination of these methods to investigate
the effects of finite pulse widths by Leng et al highlights the potential of this model.50 As the
HEOM allows for any strength system-bath coupling and the EOM-PMA accounts for all
time-ordering effects, our model is only restricted to the weak-field and dipole approximations
in the system-field interaction.51–53 An explicit definition of the coupled phonon environment
within the HEOM enables the incorporation of dissipative effects, such as intramolecular
vibrational relaxation (IVR) and fluorescence, as well as dephasing.
In this study, the model is applied to the Qx band of the zinc porphyrin monomer,
associated with the transition between the ground and first excited singlet states. The
maximum of the fundamental transition occurs at 15 650 cm−1, with a vibronic shoulder
on the blue side, identifying coupling to a vibrational mode of 375 cm−1.26 The amplitude
spectra of the coupled vibrational mode are calculated using two different laser spectra, one
which is centred at the fundamental transition frequency, and another which has been blue-
shifted such that the lower energy transition, equivalent to the first hot band, is covered by
significantly less intensity. We begin with an overview of key features of the model, greater
detail of all sections is available in the SI.
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Theoretical Methods
The vibronic Hamiltonian, eq 1, has an electronic ground state, |g〉, (S0) and a single excited
state, |e〉, (S1) that lies h¯ω0eg above the ground state equilibrium position,1
HS = |g〉hg〈g|+ |e〉he〈e| (1)
We assume all nuclear modes are harmonic, giving rise to vibronic terms in the Hamiltonian
of,54
hg = h¯ω0
(
b†b+ 1
2
)
(2)
he = h¯(ω
0
eg + λ) + h¯ω0
(
b†b− ∆√
2
(b+ b†) + 1
2
)
(3)
where b(†) are the vibrational annihilation (creation) operators for a single mode of frequency
ω0. Coupling to the electronic degrees of freedom occurs via the dimensionless parameter
∆, which is related to the Huang-Rhys parameter, S = 1
2
∆2, giving a reorganisation energy,
h¯λ = h¯Sω0.
1
The open quantum system incorporates baths that are constructed from an infinite num-
ber of harmonic oscillators coupled linearly to the coordinates of the system.1,55 The coupling
to bath, n, is defined by the spectral density, Jn(ω), which is related to the correlation func-
tion through,47,55
Cn(t) =
1
pi
∫ ∞
0
dωJn(ω)
(
coth
(
βh¯ω
2
)
cosωt− i sinωt
)
(4)
Different photophysical processes are described by the interaction of the system with
different baths. Here, we treat the dephasing that results from fluctuations of the transition
energy, IVR and fluorescence with three independent baths. All baths are assumed to be
Ohmic, such that every spectral density can be adequately approximated with the Debye
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form for an overdamped Brownian oscillator,
Jn(ω) = 2ηn
ωγn
ω2 + γ2n
(5)
where h¯ηn is the reorganisation energy of the bath and γn is a measure of the bath timescale.
1,56,57
Solving the bath correlation function for the Debye spectral density produces a form
which can be expressed as the sum of exponential terms, eq 6, with the coefficients, cnk,
and Matsubara frequencies, νnk; k = 0, 1, . . . ,M , defined by eqs 7 to 10.
56–58 The inverse
temperature, β, is the same for each bath.
Cn(t) =
M∑
k=0
cnke
−νnk|t| (6)
cn0 = ηnγn
(
cot
(
h¯βγn
2
)
− i
)
(7)
cnk =
4ηnγn
h¯β
(
νnk
ν2nk − γ2n
)
(8)
νn0 = γn (9)
νnk =
2pik
h¯β
(10)
As the vibrational mode included explicitly in the system Hamiltonian is of the same
order as the fluctuations of the baths, non-Markovian dynamics must be employed to cor-
rectly account for memory effects, including the emergence of inhomogeneous distributions
within the ensemble.48,52,59,60 Therefore, in order to rigorously incorporate inhomogeneous
broadening into the simulations, we employ the non-Markovian hierarchical equations of mo-
tion (HEOM) to evolve the density matrix. This involves propagating a number of auxiliary
density operators (ADO), in addition to the true density matrix, to fully account for memory
effects in the bath correlations.56,61 The evolution of the density matrix is given by equation
11.57
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ρ˙j(t) = −
(
i
h¯
L+
N∑
n=1
M∑
k=0
jnkνnk
)
ρj(t)− i
N∑
n=1
M∑
k=0
B×n ρj+
nk
(t)
−i
N∑
n=1
M∑
k=0
jnk
(
cnkBnρj−
nk
(t)− c∗nkρj−
nk
(t)Bn
)
−
N∑
n=1
(
2ηn
h¯βγn
− ηn cot
(
h¯βγn
2
)
−
M∑
k=1
cnk
νnk
)
B×nB
×
n ρj(t) (11)
Here, B×n ρ = [Bn, ρ] denotes the commutator of the bath coupling operator, Bn, with
the density matrix. L is the Liouvillian operator, which explicitly incorporates the system-
field interaction, HSF (t), via the semi-classical dipole approximation, where µˆ is the dipole
moment operator of the system and E(r, t) the electric field of the incident laser.50
Lρ(t) = [HS −HSF (t), ρ(t)] = [HS − µˆ · E(r, t), ρ(t)] (12)
The ADOs are defined by the N(M + 1)-dimensional vectors j = (j10, . . . , jnk, . . . , jNM)
and j± = (j10, . . . , jnk ± 1, . . . , jNM), which contain an element for every Matsubara fre-
quency associated with each contributing bath.58,61 The individual elements, jnk, define the
hierarchical level of a particular Matsubara frequency.
The hierarchy is terminated via selection of a convergence parameter, Γ, which is signif-
icantly greater than the energy scales of the system-bath coupling; as described by Dijkstra
and Prokhorenko.57 Elements of the hierarchy which are deep enough to correspond to fluctu-
ations faster than this convergence parameter are assumed to be Markovian. The termination
criterion is expressed as
N∑
n=1
M∑
k=0
jnkνnk > Γ (13)
Photon echo spectroscopy involves the interaction of the system with the electric fields
of three laser pulses. The first two pulses are separated by the coherence time, τ , and the
second and third by the population time, T . The centre of the third pulse is defined to be
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t = 0, with the third order polarization observed as a decaying oscillation for t > 0, emitted
in the phase-matched direction, ks.
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The macroscopic polarization resulting from the photon echo measurement in the rephas-
ing (ks = −k1+k2+k3) or non-rephasing (ks = k1−k2+k3) direction is calculated using the
equation of motion-phase matching approach (EOM-PMA), developed by Gelin et al.45,46
The system-field interaction Hamiltonian is separated into the contributions of the three
electric fields, Vm(t): m = 1, 2, 3, according to,
HˆSF (t) = −
3∑
m=1
µˆ · (χmEm(t− τm) exp(−iωmt+ ikmr)) + c.c.
= −
3∑
m=1
exp(ikmr) · Vm(t) + c.c. (14)
where ωm = 2piνm has an associated wavevector, km. The field envelope, centred at τm,
is denoted E(t − τm) and is assumed to be Gaussian, with χm as a controllable factor for
the intensity.51,63 Differences in the temporal phase of the pulses, leading to pulse chirp, can
be included by introducing an additional exp(+iφm(t)) factor in equation 14.
64,65 However,
unchirped Gaussian pulses provide a suitable approximation for the laser spectra used by
Camargo et al.
The third order polarization in the phase matched direction, ks, is then obtained by,
P
(3)
ks
(τ, T, t) = exp(iksr)Tr [µˆ (ρ1(t)− ρ2(t)− ρ3(t) + ρ4(t)− ρ5(t) + ρ6(t) + ρ7(t))] + c.c.
(15)
where ρi(t); i = 0, 1, . . . , 7 are additional non-Hermitian auxiliary density operators, indi-
vidually evolved using equation 11.46 Each has a different Liouvillian operator that acts as
a generating function for Liouville pathways, such that their combination in equation 15
removes the contribution of all except the pathways of interest in the phase matched direc-
tion.45 Full details are provided in the SI. Two-dimensional photon echo spectra are then
calculated as the double Fourier transform of the third order polarization with respect to τ
8
and t.50,66
Results and Discussion
The laser spectra and experimental linear absorption spectrum of the zinc porphyrin monomer
are displayed in figure 1. In addition to the Qx band, the experimental spectrum also shows
a weaker absorption band at ca. 17 000 cm−1. This corresponds to the Qy band and any
coupling to higher frequency vibrational modes, which are not considered here.67
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Figure 1: Calculated (gold) and experimental (dashed) linear absorption spectra for the zinc
porphyrin monomer, with the centred (red) and blue-shifted (cyan) laser spectra.
The system parameters are ω0eg = 15 650 cm
−1, with ω0 = 375 cm
−1 and ∆ = 0.8 such that
λ = 120 cm−1. Each electronic state is coupled to two vibrational levels. The simulations
were performed at 300K with the spectral density parameters for the dephasing bath set as
η1 = 11 cm
−1 and γ1 = 50 cm
−1, for the IVR bath as η2 = 11 cm
−1 and γ2 = 50 cm
−1, and
for the fluorescence bath as η3 = 1 cm
−1 and γ3 = 50 cm
−1. These parameters produced the
calculated linear absorption spectrum in figure 1, which gives a good fit to the experimental
spectrum.
Two simulations were performed, one with a laser spectrum centred at the fundamen-
tal transition of ωm = 15 650 cm
−1 (figure 1, red), and another which was blue-shifted to
ωm = 17 060 cm
−1 (figure 1, cyan). Both laser spectra have a temporal FWHM of 15 fs for
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the Gaussian envelopes. 2D photon echo spectra, presented as excitation axis, ωτ , against
emission axis, ωt, were then calculated over 1 ps of population time, T . Figure 2 (left)
shows an example rephasing photon echo spectrum for T = 120 fs from the centred laser
spectrum simulation. The elongation of the main peak about the diagonal demonstrates
inhomogeneous broadening, resulting from the dephasing bath (n = 1).
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Figure 2: (Left) Normalised Real Rephasing 2D spectrum for T = 120 fs. (Right) Amplitude
oscillations of the real rephasing component for the coordinates (a) (16025, 15275), (b)
(15650, 15650) and (c) (15400, 15400), presented as (ωτ , ωt) in cm
−1, arbitrarily offset for
clarity. The vertical lines in (right) demonstrate that (b) and (c) are 90◦ phase shifted with
respect to (a).
Each peak in a 2D spectrum is the result of one or more unique Liouville pathways.
In addition to rephasing and non-rephasing, these can be further classified as population
or coherence pathways dependent on the state of the system during the population time.
Population pathways correspond to non-oscillatory diagonal states and show an exponential
decay with the population time due to relaxation, whilst coherence pathways, involving
off-diagonal superpositions, oscillate at a frequency equal to the energy difference between
states.6,43 We further define positively oscillating coherences as e.g. |g0〉〈g1| ∝ e+iω0T and
negatively oscillating coherences as e.g. |g1〉〈g0| ∝ e−iω0T .
Figure 2 (right) shows the amplitude oscillations of three coordinates in the (ωτ , ωt)
plane along the T axis. These oscillations were obtained after removal of the non-oscillatory
exponential decay component corresponding to population pathways. The decay in the oscil-
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lations is a result of coupling to the IVR bath (n = 2). In agreement with the experimental
results of Camargo et al, there is a 90◦ phase shift in the oscillations between the diagonal, (b,
c), and off-diagonal, (a), locations, with the oscillations of (c) being less intense than those
of (a) and (b).25 This supports the findings of Butkus et al, who theoretically examined the
phase of the oscillation of a single coherence pathway and predicted that rephasing coherence
pathways have a constant phase along their diagonal lineshape, but a varying phase along
their anti-diagonal lineshape.43,68
Removing the non-oscillatory population pathways from all coordinates in the (ωτ , ωt)
plane and performing a third Fourier transform over the population time, produces a series of
amplitude spectra for positive and negative oscillatory components.20 Peaks in the amplitude
spectra at the mode frequency, ωT = ±ω0, therefore correspond to coherence pathways of
the coupled vibrational mode. An example negative rephasing coherence pathway is given in
figure 3, labelled as R2 using the 2D electronic spectroscopy convention. As this involves the
lower transition frequency of ω0eg−ω0, blue-shifting the laser spectrum eliminates this pathway
from the 2D spectra. On inspection of all the possible Liouville pathways, the locations of
peaks in the rephasing and non-rephasing amplitude spectra are easily identified.26,69
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Figure 3: Example negative rephasing coherence pathway drawn onto the displaced harmonic
oscillator potential energy surface in (a) and as a double-sided Feynman diagram in (b). The
lower, hot band, transition frequency (highlighted in cyan) is not covered by the blue-shifted
laser spectrum, identifying this as one of the eliminated pathways.
For the simulation with the centred laser spectrum, analysis of the coherence pathways
predicts peaks in the rephasing and non-rephasing amplitude spectra as per diagrams (1a)
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and (1b) of figure 4, respectively.26 Six positive coherence pathways produce a square ar-
rangement of four peaks below the diagonal for the positive rephasing amplitude spectrum,
as shown by the calculated and experimental spectra, respectively (2c) and (3c) of figure 4.
The two negative coherence pathways give two peaks aligned along ωτ = ω
0
eg, which are again
visible in the calculated, (2a), and experimental, (3a), results in figure 4. Both the negative
coherences correspond to stimulated emission pathways, whilst all four ground state bleach
pathways appear in the positive spectrum. Similarly, the negative non-rephasing amplitude
spectra show a square of four peaks in (2b) and (3b) of figure 4, with two peaks, again
aligned along ωτ = ω
0
eg, in the equivalent positive amplitude spectra of (2d) and (3d), figure
4. In this case the four ground state bleach pathways appear in the positive spectrum, with
the negative spectrum consisting of only stimulated emission pathways. All pathways are
presented in the SI and all amplitude spectra are presented as an absolute value, normalised
to their respective maxima. The experimental spectra are reproduced from reference 26.
On blue-shifting the laser spectrum, the majority of coherence pathways are eliminated,
leaving a single ground state bleach and two stimulated emission pathways in each of the
rephasing and non-rephasing amplitude spectra; as shown in diagrams (1a) and (1b) of figure
5. Each of the amplitude spectra feature a single peak, which is off-diagonal for the positive
and negative rephasing spectra, respectively (2c)/(3c) and (2a)/(3a) of figure 5, and diagonal
for the positive and negative non-rephasing spectra, respectively (2d)/(3d) and (2b)/(3b) of
figure 5.
The elimination of coherence pathways is demonstrated by the change in position of the
maximum intensity of the amplitude spectra. With a centred laser spectrum, this maximum
appears between the predicted peak locations of (1a)/(1b) of figure 4, where the amplitude
of adjacent peaks sums. This leads to the square arrangement in (2c)/(3c) and (2b)/(3b) of
figure 4 and the elongated shape in (2a)/(3a) and (2d)/(3d) of figure 4. With a blue-shifted
laser spectrum, the loss of adjacent peaks results in the maximum intensity exactly corre-
sponding to the predicted peak locations, identified as the intersection of the dashed lines in
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Figure 4: Predicted peak location key diagrams for rephasing (1a) and non-rephasing (1b)
amplitude spectra, for the centred laser spectrum experiment. / and / correspond to
positive/negative ground state bleach and stimulated emission coherence pathways, respec-
tively, where the peaks are centred by their enclosing black circle. The calculated amplitude
spectra are presented as the normalised absolute value, where (2a) and (2b) are respectively
the rephasing and non-rephasing negative coherence maps, whilst (2c) and (2d) are the equiv-
alent positive coherence maps. The experimental amplitude spectra are presented likewise
as (3a-d), reproduced from reference 26. (4a) and (4b) are example double-sided Feynman
diagrams for respectively positive ground state bleach rephasing and negative stimulated
emission non-rephasing coherence pathways.
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Figure 5: (1) - (3) are the same as in figure 4, for the experiment with the blue-shifted laser
spectrum. (4a) and (4b) are example double-sided Feynman diagrams for respectively posi-
tive stimulated emission rephasing and negative ground state bleach non-rephasing coherence
pathways.
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figure 5. Any small offsets from the reported frequencies are a result of the discretization of
data.
The additional broadening in the calculated amplitude spectra of both figures 4 and 5
is a result of the approximations within the model system. Namely, the bath parameters
were selected based on the assumption that the 375 cm−1 mode is solely responsible for the
lineshape of the Qx band in the linear absorption spectrum. However, other vibrational
modes neglected in this model would also contribute to the linear lineshape, but do not
feature in the amplitude spectra specific to the 375 cm−1 mode. Hence the experimental
amplitude spectra are less broad than their calculated equivalents. As it is the peak locations
rather than the spectral broadening that is important for the Liouville pathway analysis, the
model conclusively demonstrates the spectral filtering effects induced by blue-shifting the
laser spectrum.
Conclusions
For both the centred and blue-shifted laser spectra simulations, the calculated amplitude
spectra show excellent agreement with the experimental results and the predictions of the
Liouville pathway analysis. The results presented in figures 4 and 5 clearly demonstrate the
capability of the non-impulsive and non-Markovian model for the study of vibronic coher-
ences isolated by a tunable laser spectrum. We have brought together a detailed vibronic
Hamiltonian, a rigorous definition of the evolution of the bath and a method for calcu-
lating the non-linear polarization which explicitly incorporates the laser fields, to create a
theoretical model suitable for studies involving spectral filtering effects.
For complex systems with broad absorption bands, spectral filtering can be exploited to
focus 2D spectroscopic studies on specific regions.36,44,70,71 But as shown in this work, spectral
filtering can also be employed to control the pathways involved in a non-linear measurement
and predictably eliminate certain pathways. Introducing the use of multicoloured laser pulses
15
also provides the potential for isolation of specific Liouville pathways.28,72,73 This enables the
study of particular coherences which, with the support of rigorous theoretical models such
as that presented here, will lead to a greater understanding of the electronic and vibrational
fine structure responsible for these spectral features.
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